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Abstract
The construction of a NT = 3 cohomological gauge theory on the hyper–Ka¨hler eight–fold,
whose group theoretical description was given previously by Blau and Thompson [1], is
performed explicitly.
1. Introduction
In recent years the study of cohomological gauge theories on manifolds of special holonomy in
various dimensions have attracted a lot of interest [2, 3, 4, 5]. In the context of string theory
and M–theory special holonomy plays a prominent role especially because the simplest vacua
preserving part of the supersymmetry are compactifications on manifolds of special holonomy.
So far, Calabi–Yau three–folds with SU(3) holonomy have received the most intensive study
in connection with heterotic string compactifications and also due to the miraculous mirror
symmetry of type II strings on such manifolds. Recently, the G2– and Spin(7)–holonomy Joyce
seven– and eight–folds, respectively, have received considerable attention as well, since they
may provide the simplest way to compactify M–theory to four dimensions and to understand
the dynamics of N = 1 supersymmetric field theories.
Moreover, it has been shown [3, 4] that the ideas underlying topological theories can be
extended to dimensions higher than four. These cohomological theories, which do not require
for a topological twist, acquire many of the characteristics of a topological theory. Nevertheless,
such theories, which have a rather intriguing structure, are not fully topological, since they
are only invariant under those metric variations which do not change the reduced holonomy
structure. At present, the physical status of such theories in D > 4 has not been entirely
understood. But, since it is widely believed that the effective world volume theory of the D–
brane is the dimensional reduction of N = 1, D = 10 super Yang–Mills theory (SYM) [6], such
cohomological gauge theories could arise naturally in the study of wrapped Euclidean D–branes
in string theory (see, e.g., [7]).
Examples of such theories in D = 8 are the SYM on Spin(7) holonomy Joyce eight–folds
[3, 4] — a NT = 1 theory which is the eight–dimensional analogue of Donaldson–Witten theory
— and the SYM on a Calabi–Yau four–folds with Spin(6) ∼ SU(4) holonomy [3] — a NT = 2
theory which is a holomorphic analogue of Donaldson–Witten theory. The only other possible
Ricci–flat manifolds admitting covariant constant (parallel) spinors are hyper–Ka¨hler eight–folds
with Spin(5) ∼ Sp(4) holonomy which could be interesting as well [8]. In [1], making use of a
previous work by Ward [9], Blau and Thompson gave a group theoretical description of the SYM
on that manifolds. The aim of the present paper is to construct this theory explicitly. In view of
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possible generalizations, it might be instructive to start with the somewhat more involved case
of a quaternionic Ka¨hler manifold with Sp(4)⊗ Sp(2) holonomy and to consider the particular
case of a hyper–Ka¨hler eight–fold only in the final analysis.
The paper is organized as follows. In Sect. 2, we first derive, in accordance with [9], the
generalized Sp(4) ⊗ Sp(2) instanton equations. Then, we give the action and the whole set of
transformation rules of the Euclidean N = 2, D = 8 SYM in flat space with the original full
SO(8) rotation invariance reduced to Sp(4) ⊗ Sp(2). In Sect. 3, we formulate this theory on
the hyper–Ka¨hler eight–fold, i.e, for the particular case when the curvature of the Sp(2) spin
connections vanishes. Otherwise, i.e., for the general case of a quaternionic Ka¨hler manifold,
which is a Einstein space and not Ricci–flat, there are no parallel spinors. In the Appendix we
describe in some detail the derivation of the cohomological NT = 3, D = 8 SYM.
2. The Sp(4)⊗ Sp(2)–invariant, NT = 3 Euclidean super Yang–Mills theory in
eight dimensions
Let us first consider the eight–dimensional Euclidean space R8 when the full symmetry group
SO(8) is reduced to its subgroup Sp(4) ⊗ Sp(2). Then, the Euclidean coordinates xM (M =
1, . . . , 8) can be expressed through complex coordinates zAa, where A = 1, 2, 3, 4 and a = 1, 2
are Sp(4) and Sp(2) indices, respectively, thereby preserving the Euclidean metric,
ds2 = dxMdxM = ǫ
ABǫabdzAadzBb, xM = e
Aa
M zAa.
Here, e AaM defines a (non–singular) map from the 8–dimensional Euclidean space to the 4–
dimensional complex space C4,
e AaM eNAa = δMN , e
Aa
M e
MBb = ǫABǫab.
The indices A and a are raised and lowered as follows, zAa = ǫABǫabzBb and zBb = z
AaǫABǫab,
with ǫACǫ
BC = δ BA and ǫacǫ
bc = δ ba , where ǫAB and ǫab are the invariant symplectic tensors
of the group Sp(4) and Sp(2), respectively, ǫ12 = −ǫ21 = ǫ34 = −ǫ43 = 1. Explicitly, for the
components of zAa = e
M
AaxM we choose
z11 = x1 + ix2, z21 = −x3 + ix4, z31 = x5 + ix6, z41 = −x7 + ix8,
z12 = x3 + ix4, z22 = x1 − ix2, z32 = x7 + ix8, z42 = x5 − ix6,
which will be grouped into the complex conjugated coordinates zA ≡ (z11, z12, z31, z32) and
z¯A ≡ (z22,−z21,−z42, z41).
Then, on C4 an irreducible, Sp(4) ⊗ Sp(2)–invariant action of the gauge field A aA , being in
the adjoint representation of some compact gauge group G, is given by
SYM =
∫
d4z d4z¯ tr
{
1
4F
AB
abF
ab
AB
}
, (1)
where F abAB = ∂
a
[A A
b
B] + [A
a
A , A
b
B ] is the corresponding field strength.
Besides of (1), one can construct also a first–stage reducible, Sp(4)⊗Sp(2)–invariant action,
namely
ST =
∫
d4z d4z¯ tr
{
1
12
(
ǫabFABabǫ
cdFABcd − ǫABFABabǫCDFCDab − FABabF baAB
)}
, (2)
which can be recast into the form
ST =
∫
d4z d4z¯ tr
{
1
24ǫ
abcd
ABCD F
AB
abF
CD
cd
}
,
2
where the (fourth rank) tensor ǫ abcdABCD is totally skew–symmetric in the index pairs (Aa),
(Bb), (Cc) and (Dd),
ǫ abcdABCD = ǫABǫCDΩ
cbad + ǫBCǫADΩ
acbd + ǫCAǫBDΩ
bacd, (3)
thereby, for later use, we have introduced the following projection operator,
Ωabcd = ǫacǫbd + ǫadǫbc,
1
2ΩabefΩ
ef
cd = Ωabcd. (4)
The tensor (3) defines a linear map of the space of field strengths, F abAB , onto itself, namely
1
2ǫ
abcd
ABCD F
CD
cd = λF
ab
AB . Thus, one can look for its eigenvalues λ. In accordance with the
Sp(4) ⊗ Sp(2) decomposition of the adjoint representation of SO(8), 28 → (4,2) ⊗ (4,2) =
(1,3) ⊕ (5,3) ⊕ (10,1) [9, 1], it is straightforward to prove that the 3 irreducible subspaces
of
{
F abAB
}
are characterized by the eigenvalues λ = −5, −1 and 3. Accordingly, under the
branching SO(8)→ Sp(4)⊗ Sp(2) the field strength decomposes into
FMN → F abAB = 14ǫABǫCDFCDab + 14ΩABCDFCDab + 12ǫabǫcdFABcd, (5)
where, besides (4), we still have introduced another projection operator,
ΩABCD = 2(ǫACǫBD − ǫADǫBC)− ǫABǫCD, 14ΩABEFΩEFCD = ΩABCD. (6)
Thereby, ǫCDF
CDab and ǫcdFABcd in the first and third term on the r.h.s. of (5), by virtue
of F abAB = −F baBA , are symmetric in (ab) and (AB), respectively, and ΩABCDFCDcd in the
second term is symmetric in (ab) and skew–symmetric and trace free in (AB).
On the other hand, the action (1) can be rewritten as
SYM = ST +
∫
d4z d4z¯ tr
{
1
12ΩABCDF
AB
abF
CDab + 16ǫABF
AB
abǫCDF
CDab
}
. (7)
Hence, if we, formally, just as in case of the Spin(3) instantons in D = 4, impose SYM = ST,
by virtue of (5), it follows that the Sp(4) ⊗ Sp(2) instanton equations are characterized by the
eigenvalue λ = 3,
1
6ǫ
abcd
ABCD F
CD
cd = F
ab
AB ⇔ ΩABCDFCDab = 0, ǫABFABab = 0. (8)
This result is in accordance with [9], where the Sp(4) ⊗ Sp(2)–invariant integrable equations
for the gauge field A aA are discussed, and where the 18 equations (8) are obtained as the
integrability conditions πaπbF
ab
AB = 0 of the linear equations πa(∂
a
A +A
a
A )ψ = 0; here, πa are
the homogeneous coordinates on the complex projective space, CP.
Now, we like to construct a cohomological theory, whose action localizes onto the moduli
space of the generalized self–duality equations (8), in flat space. This theory can be obtained
from the Euclidean N = 2, D = 8 SYM by reducing the group SO(8) to Sp(4)⊗ Sp(2).
The gauge multiplet of the Euclidean N = 2, D = 8 SYM consists of the vector field AM ,
a chiral and anti–chiral Weyl spinor, λ and λ¯, and the scalar fields φ and φ¯. The vector, the
chiral spinor and the anti–chiral spinor representation, which are all eight–dimensional, will be
denoted by 8v, 8s and 8c, respectively. Under the branching SO(8) → Sp(4) ⊗ Sp(2) these
representations decompose as follows [1],
8v → (4,2), AM → A aA ,
8s → (5,1)⊕ (1,3), λ→ χAB, ηab,
8c → (4,2), λ¯→ ψ aA , (9)
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i.e., the vector and the anti–chiral representation remain irreducible whereas the the spinor
representation decomposes into χAB which is skew–symmetric and traceless, ǫ
ABχAB = 0, and
ηab which is symmetric.
After reducing SO(8) to Sp(4)⊗Sp(2) one ends up with the following Sp(4)⊗Sp(2)–invariant
action with an extended, NT = 3, on–shell equivariantly nilpotent topological supersymmetry
(for details, see, Appendix),
S
(NT=3)∣∣Sp(4)⊗Sp(2)⊂SO(8) =
∫
d4z d4z¯ tr
{
1
4F
AB
abF
ab
AB − 2DAaφ¯DAaφ
− 2χABDAaψBa + 2ηabDAaψAb − 2[φ¯, φ]2
− 2φ¯{ψAa, ψAa} − 12φ{χAB , χAB} − φ{ηab, ηab}
}
, (10)
where D aA = ∂
a
A + [A
a
A , · ]. All the fields are in the adjoint representation and take their
values in the Lie algebra Lie(G) of the gauge group G.
Furthermore, denoting the 16 (real) supercharges by Qab, QAB and Q¯
a
A , where Q
ab is sym-
metric, Qab = 12Ω
abcdQcd, and QAB is skew–symmetric and traceless, QAB =
1
4ΩABCDQ
CD, for
the on–shell Sp(4) scalar, tensor and vector supersymmetry transformations one gets
QabA cA = Ω
abcdψAd,
Qabψ cA = Ω
abcdDAdφ,
Qabφ = 0,
Qabφ¯ = ηab,
Qabηcd = −14ΩabegΩcdfgǫABFABef +Ωabcd[φ, φ¯],
QabχAB =
1
4Ω
abcdΩABCDF
CD
cd, (11)
QABA
a
C = ΩABCDψ
Da,
QABψ
a
C = −ΩABCDDDaφ,
QABφ = 0,
QABφ¯ = χAB ,
QABη
ab = −14ΩABCDΩabcdFCDcd,
QABχCD = −14ΩABEGΩ GCDF ǫabFEFab +ΩABCD[φ, φ¯], (12)
and
Q¯ aA A
b
B = ǫABη
ab + ǫabχAB,
Q¯ aA ψ
b
B = F
ab
AB − 14ΩABCDΩabcdFCDcd + ǫABǫab[φ, φ¯],
Q¯ aA φ = −ψ aA ,
Q¯ aA φ¯ = 0,
Q¯ aA η
cd = −ΩabcdDAbφ¯,
Q¯ aA χCD = ΩABCDD
Baφ¯, (13)
respectively, where the projection operators Ωabcd and ΩABCD have been introduced in (4) and
(6).
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The on–shell algebraic relations among the supercharges Qab, QAB and Q¯
a
A are
{Qab, Qcd} .= −2ΩabcdδG(φ), {QAB , QCD} .= 2ΩABCDδG(φ),
{Qab, QAB} .= 0,
{Qab, Q¯ cA } .= −Ωabcd(∂Ad + δG(AAd)), {QAB , Q¯ aC } .= ΩABCD(∂Da + δG(ADa)),
{Q¯ aA , Q¯ bB } .= 2ǫABǫabδG(φ¯),
where
.
= indicates that the corresponding equations hold on–shell, and δG(ϕ) denotes a gauge
transformation depending on the fields ϕ = (A aA , φ, φ¯), being defined by δG(ϕ)A
a
A = −D aA (A)ϕ
and δG(ϕ)X = [ϕ,X] for all the other fields.
In order to verify that the the action (10) is invariant under the transformations (11)–(13)
one has to use the following basic relations for the projection operators,
ΩabegΩ
g
cdf +ΩabfgΩ
g
cde = Ωabceǫdf +Ωabdeǫcf − Ωcdaeǫbf − Ωcdbeǫaf ,
ΩabegΩ
g
cdf − ΩabfgΩ gcde = 2Ωabcdǫef ,
and
ΩABEGΩ
G
CDF +ΩABFGΩ
G
CDE = ΩABCEǫDF − ΩABDEǫCF +ΩABCF ǫDE − ΩABDF ǫCE
− ΩCDAEǫBF +ΩCDBEǫAF − ΩCDAF ǫBE +ΩCDBF ǫAE,
ΩABEGΩ
G
CDF − ΩABFGΩ GCDE = 2ΩABCDǫEF ,
thereby we used the following equalities,
ǫacǫbd + cyclic (a, b, c) = 0,
ǫACǫBDǫEF − ǫAC(ǫBEǫDF − ǫBF ǫDE)− ǫBD(ǫAEǫCF − ǫAF ǫCE) + cyclic (A,B,C) = 0.
Finally, in order to obtain a cohomological action we still have to split off from (10) the
first–stage reducible action (2),
S(NT=3) = S
(NT=3)∣∣Sp(4)⊗Sp(2)⊂SO(8) − ST,
which, by virtue of (7), yields
S(NT=3) =
∫
d4z d4z¯ tr
{
1
12ΩABCDF
AB
abF
CDab + 16ǫABF
AB
abǫCDF
CDab
− 2χABDAaψBa + 2ηabDAaψAb − 2φ¯{ψAa, ψAa}
− 12φ{χAB , χAB} − φ{ηab, ηab} − 2DAaφ¯DAaφ− 2[φ¯, φ]2
}
. (14)
Then, on–shell, upon using the equations of motion of χAB and η
ab, the action (14) can be cast
into the Qab–exact form
S(NT=3)
.
= QabΨab,
with the gauge fermion
Ψab = Ωabcd
∫
d4z d4z¯ tr
{
1
12χABF
ABcd + 112η
c
eǫABF
ABde + 16η
cd[φ, φ¯]− 13 φ¯DAcψ dA
}
.
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3. Euclidean super Yang–Mills theory on the hyper–Ka¨hler eightfold
So far we have assumed that the space is flat, but we shall now formulate the cohomological
theory on a hyper–Ka¨hler eight–fold. In view of possible generalizations it may be convenient
to study the more involved case of a quaternionic Ka¨hler manifold. For that purpose, we shall
begin by considering an eight–dimensional Riemannian manifold with Sp(4)⊗ Sp(2) holonomy,
endowed with hermitean metric gµν and Sp(4) and Sp(2) spin connections ω
AB
µ and ω
ab
µ ,
respectively. The curved coordinates will be indicated as xµ (µ = 1, . . . , 8) and the complex
coordinates will again be denoted by zAa,
ds2 = gµνdxµdxν , xµ = e
Aa
µ zAa,
where, locally, e Aaµ is the invertible 8–bein on the quaternionic Ka¨hler manifold,
e Aaµ eνAa = gµν , e
Aa
µ e
µBb = ǫABǫab.
In order to break down the structure group GL(4,C) ⊗GL(2,C) to Sp(4) ⊗ Sp(2), we have to
require covariant constancy of the symplectic tensors ǫAB and ǫab,
∇µǫAB ≡ ∂µǫAB + ω Aµ C ǫCB + ω Bµ C ǫAC = 0,
∇µǫab ≡ ∂µǫab + ω aµ c ǫcb + ω bµ c ǫac = 0,
where ∇µ denotes the metric covariant derivative. In addition, the integrability conditions
[∇µ,∇ν ](ǫAB , ǫab) = 0 imply that ǫAB and ǫab are constant and that the antisymmetric part of
the spin connections can be chosen equal to zero.
Furthermore, in order to ensure covariant constancy of the metric, we impose
∇µe Aaν ≡ ∂µe Aaν − Γ λµν e Aaλ + ω Aµ B e Baν + ω aµ b e Abν = 0, (15)
where Γ λµν is the affine connection.
The crucial ingredient of a quaternionic Ka¨hler manifold is a triplet of complex structures,
(Jα) νµ = −ie Aaµ (σα) ba eν Ab, α = 1, 2, 3, (16)
where (σα) ba are the Sp(2) generators, (σ
α) ca (σ
β) bc = iǫ
αβγ(σγ)
b
a + δ
αβδ ba , which obey the
algebra of the quaternions,
(Jα) ρµ (J
β) νρ = ǫ
αβγ(Jγ)
ν
µ − δ νµ δαβ .
Since the metric gµν is preserved and hermitean, it holds
(Jα) ρµ gρν + (J
α) ρν gρµ = 0.
Now, for any choice of (Jα)
ν
µ , we can associate a triplet of Ka¨hler two–forms ρα via
ρα ≡ 12 i(Jα) ρµ gρνdxµ ∧ dxν = 12ǫAB(σα)abdzAa ∧ dzBb.
Then, by making use of the completeness relation, (σα)
c
a (σ
α) db = ǫabǫ
cd−δ da δ cb , we can define
the four–form
Ω ≡ 12ρα ∧ ρα = 124ǫ abcdABCD dzAa ∧ dzBb ∧ dzCc ∧ dzDd,
which reveals the geometrical origin of the fourth rank tensor ǫ abcdABCD introduced in (3).
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Furthermore, on a quaternionic Ka¨hler manifold the complex structures (16) are required to
be covariant constant as well,
∇µ(Jα) λν ≡ ∂µ(Jα) λν − Γ ρµν (Jα) λρ + Γ λµρ (Jα) ρν + 2ǫαβγωµβ(Jγ) λν = 0, (17)
where in place of ω abµ we have used the triplet representation ω
α
µ =
1
2 i(σ
α)abω
ab
µ . Since a
quaternionic Ka¨hler manifold — in contrast to a hyper–Ka¨hler eight–fold — does not have
a vanishing Nijenhuis tensor, the affine connection and the Sp(2) spin connection can not be
uniquely defined without additional requirements. 3
In order to define in (17) the Sp(2) spin connection ω αµ we adopt the two requirements
proposed in [10],
(Jα) νµ ωνα = 0, N
λ
µν = −12(Jα) λ[µ ων]α, (18)
where N λµν is the Nijenhuis tensor (in the normalization of [10])
N λµν ≡ 112(Jα) ρµ ∂[ρ(Jα) λν] − 112 (Jα) ρν ∂[ρ(Jα) λµ] = −N λνµ .
The second condition in (18), which ensures that Γ λµν is actually the (torsionless) Levi–Civita
connection, can be easily solved for ω αµ . One finds
ω αµ = −13N λµν (Jα) νλ .
Then, one can show that the Levi–Civita connection in (17) is equal to the Oproiu connection
[11],
Γ λµν = −16∂(µ(Jα) ρν) (Jα) λρ − 112ǫαβγ(Jβ) ρ(µ ∂|ρ|(Jγ) σν) (Jα) λσ − 12(Jα) λ(µ ων)α. (19)
It differs from the Obata connection [12] — the Levi–Civita connection in the case of a hyper–
Ka¨hler eight–fold — by the ω αµ –dependent term. With that choice for ω
ab
µ = i(σα)
abω αµ and
Γ λµν the Sp(4) spin connection ω
AB
µ can be immediately obtained from the condition (15).
¿From the integrability condition [∇µ,∇ν ]e Aaρ = 0 of (15) it follows that the Riemannian
curvature R σµνρ = ∂[µΓ
σ
ν]ρ + Γ
σ
λ[µ Γ
λ
ν]ρ decomposes into
R σµνρ = −(Jα) σρ R αµν − eσAae aρB R ABµν ,
where R αµν =
1
2 i(σ
α)abR
ab
µν and R
AB
µν are the Sp(2) and Sp(4) curvatures, respectively,
R αµν = ∂[µω
α
ν] + 2ǫ
αβγωµβωνγ ,
R ABµν = ∂[µω
AB
ν] + ω
A
[µ Cω
BC
ν] .
Furthermore, from the integrability condition [∇µ,∇ν ](Jα) σρ = 0 of (17), namely
R σµνρ (J
α) ρλ −R ρµνλ (Jα) σρ + 2ǫαβγRµνβ(Jγ) σλ = 0, (20)
together with the relation 18R
σ
µνρ (J
α) ρσ = R αµν , it can be shown that the Ricci tensor Rµν =
R λλµν is proportional to the curvature scalar, Rµν =
1
8gµνR, and that the Sp(2) curvature is
proportional to the complex structures, R αµν =
1
64R(J
α)µν [10], i.e., the quaternionic Ka¨hler
manifold is Einstein in contrast to the hyper–Ka¨hler eight–fold which is Ricci–flat.
3The covariant constancy condition (17) is left invariant when one performs simultaneously the replacements
Γ λµν → Γ
λ
µν + (δ
ρ
(µ δ
λ
ν) − (J
α) ρ(µ (Jα)
λ
ν) )ξρ and ω
α
µ → ω
α
µ + (J
α) ρµ ξρ, where ξρ is an arbitrary vector (see,
Appendix B of [10]). Notice, that in our convention (anti)symmetrization are defined by (X,Y ) = XY + XY
resp. [X,Y ] = XY −XY , whereas in [10] the corresponding definitions include an additional factor 1/2.
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After having specified the data of a Riemannian manifold with Sp(4) ⊗ Sp(2) holonomy let
us now discuss whether or not the cohomological NT = 3, D = 8 SYM can be coupled to such
a background. In the case of a hyper–Ka¨hler eight–fold, i.e., for a Ricci–flat manifold with
vanishing Sp(2) curvature, Rµν = −83(Jα) ρµ R αρν = 0, there is no problem. As usual, in order
to put a flat space gauge invariant theory on a curved space one has to covariantize the action
(14) via δMN → gµν , d4z d4z¯ → d4z d4z¯√g and DAa → DcovAa = e µAa ∇µ+ [AAa, · ], where DcovAa
denotes the gauge and metric covariant derivative. Furthermore, it that case there is a triplet
of parallel spinors ζα obeying
∇µζα = 0, ∇µ ≡ ∂µ + 14ω ABabµ γABab. (21)
Thereby, γABab =
1
2 [γAa, γBb] are the generators of the holonomy group (with γAa being the
Sp(4)⊗ Sp(2) Dirac matrices) and
ω ABabµ = −eνAa(∂µe Bbν − Γ λµν e Bbλ ) (22)
is the affine spin connection (with Γ λµν being the Obata connection). The spinors ζα can be
identified with the parameters ζab, via ζab = i(σα)abζα, of the scalar supersymmetries (11),
which are already in a covariantized form.
Obviously, in the case of a quaternionic Ka¨hler manifold, i.e., if Γ λµν in (22) agrees with the
Oproiu connection (19), the integrability condition [∇µ,∇ν ]ζα = 0 allows only for the trivial
solution ζα = 0, since this manifold is Einstein, R 6= 0. But, in the particular case when the
curvature scalar R = 72λ
2
0 is constant (the pre-factor is dimension dependent), the integrability
condition does not forbid the existence of a triplet of (conformal) Killing spinors ζα satisfying
∇µζα = 18λ0γµζα, γµ = e Aaµ γAa. (23)
Indeed, acting on (23) with ∇ν and antisymmetrising, by virtue of (22), one obtains
eρAae Bbσ R
σ
µνρ γABabζα = −18λ20γµνζα, γµν = e Aaµ e Bbν γABab, (24)
where R σµνρ is the Riemannian curvature tensor being introduced above. Since Γ
λ
µν is tor-
sionless and since gµν is preserved, this curvature obeys the cyclicity property R
σ
µνρ +R
σ
νρµ +
R σρµν = 0 and the exchange property Rµνρσ = Rρσµν . Then, multiplying (24) by γ
ν and taking
into account these properties one arrives at
R ρρµν γ
νζα = Rµνγ
νζα =
7
16λ
2
0γµζα, (25)
where Rµν =
1
8gµνR. This condition admits a non–trivial solution for R =
7
2λ
2
0. Obviously,
λ0 → 0 brings us back to (21).
Hence, it is interesting to enquire whether the existence of parallel spinors on a hyper–
Ka¨hler eight–fold, which is irreducible and Ricci–flat, implies self–duality of the spin connection
(and conversely), whereas the existence of Killing spinors on a quaternionic Ka¨hler manifold,
which is a Einstein space, is equivalent to certain generalized self–duality conditions for the
spin connections. With another words, it is possible — in the case of a quaternionic Ka¨hler
manifold with constant R = 72λ
2
0 — to add certain R–dependent terms to the covariantized
action (14) in such a way that the Killing spinors ζα may be identified with the parameters
ζab, via ζab = i(σα)abζα, of the supersymmetries (11). Unfortunately, we have not so far been
successful in finding such R–dependent terms. Nevertheless, we believe that this problem is
worthy of further investigations.
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Appendix
In order to derive from the Euclidean N = 2, D = 8 SYM a cohomological theory where the
SO(8) invariance is broken down to Sp(4) ⊗ Sp(2) we proceed as follows: First we choose the
standard embedding of Sp(4) ⊗ Sp(2) into SO(8), which is defined as the stability subgroup
Sp(4) ⊗ Sp(2) ⊂ SO(8) of the vector representation according to which we have the decompo-
sition
8v → (5,1) ⊕ (1,3), AM → Gi, Vα,
8s → (4,2), λ→ λAa,
8c → (4,2), λ¯→ λ¯Aa.
Usually, one discards this representation since it does not allow for the existence of a Sp(4) ⊗
Sp(2)–invariant, totally skew–symmetric (fourth rank) tensor. But, in the present case, after
having established the N = 2, D = 8 SYM in that representation one can simply deduce the
structure of the cohomological NT = 3, D = 8 SYM according to the decomposition (9).
To begin with, let us first consider the full SO(8)–invariant action of the Euclidean N = 2,
D = 8 SYM, which is obtained from the Minkowskian N = 1, D = 10 SYM [13] by ordinary
dimensional reduction and performing a Wick rotation into the Euclidean space. It is built up
from an anti–hermitean vector field AM , 16–component chiral and anti–chiral Weyl spinors, λ
and λ¯, respectively, and the scalar fields φ and φ¯. All the fields take their values in the Lie
algebra Lie(G) of some compact gauge group G. As a result, for the dimensionally reduced
Euclidean action one obtains
S(N=2) =
∫
E
d8x tr
{
1
4F
MNFMN + 2λ¯Γ
MDMλ− 2DM φ¯DMφ
+ 2λTC−18 [φ, λ]− 2λ¯C8[φ¯, λ¯T ]− 2[φ¯, φ]2
}
, (A.1)
where FMN = ∂[MAN ] + [AM , AN ] and DM = ∂M + [AM , · ]. C8 is the charge conjugation
matrix, C−18 ΓMC8 = −ΓTM , which can be chosen to be symmetric. The Dirac matrices ΓM for
the SO(8) spinor representation will be specified below, 12{ΓM ,ΓN} = δMN I16.
The action (A.1) is invariant under the following supersymmetry transformations
δAM = ζ¯ΓMλ− λ¯ΓMζ,
δφ = ζ¯C8λ¯
T ,
δλ = −14ΓMNζFMN + ΓMC8ζ¯TDM φ¯− ζ[φ, φ¯],
δφ¯ = λTC−18 ζ,
δλ¯ = 14 ζ¯Γ
MNFMN − ζTC−18 ΓMDMφ− ζ¯[φ¯, φ], (A.2)
with ζ and ζ¯ being constant chiral and anti–chiral Weyl spinors, respectively (Γ9ζ = −ζ with
Γ9 = Γ1 · · ·Γ8), and where ΓMN = 12 [ΓM ,ΓN ] are the SO(8) generators.
In order to reduce in the action (A.1) the SO(8) invariance to Sp(4) ⊗ Sp(2), we replace
the SO(8) matrices by the standard embedding ΓM = (Γi,Γ5+α) (i = 1, . . . , 5, α = 1, 2, 3) of
Sp(4)⊗ Sp(2) into SO(8). In this representation Γi,Γ5+α and the chirality matrix Γ9 are given
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by
Γi =
(
0 (γi)
B
A δ
b
a
(γi)
B
A δ
b
a 0
)
,
Γ5+α =
(
0 −iδ BA (σα) ba
iδ BA (σα)
b
a 0
)
,
Γ9 = Γ1 . . .Γ8 =
(−δ BA δ ba 0
0 δ BA δ
b
a
)
, (A.3)
(γi)
B
A (A = 1, 2, 3, 4) and (σα)
b
a (a = 1, 2) being the Sp(4) and Sp(2) generators, respectively.
The Sp(2) matrices obey
(σα)
c
a (σβ)
b
c = iǫαβγ(σ
γ) ba + δ
αβδ ba , (A.4)
and are symmetric (σα)ab = (σα)ba. For the Sp(4) matrices we take the particular representation
(γα)
B
A =
(
0 −i(σα) ba
i(σα)
b
a 0
)
, (γ4)
B
A =
(
0 δ ba
δ ba 0
)
, (γ5)
B
A =
(
δ ba 0
0 −δ ba
)
,
where α runs over 1, 2, 3 (recalling that Sp(4) ∼ Spin(5) is the covering group of SO(5)). They
satisfy the relations
(γi)
C
A (γj)
B
C = (γij)
B
A + δijδ
B
A ,
(γi)
C
A (γmn)
B
C = δi[m(γn])
B
A − 12ǫijkmn(γjk) BA ,
(γij)
C
A (γmn)
B
C = δ[i[m(γn]j])
B
A + ǫijkmn(γ
k) BA − δi[mδn]jδ BA , (A.5)
where ǫijkmn is a totally antisymmetric unit tensor. Here, the 5 matrices (γi)AB are skew–
symmetric and traceless, (γi)AB = −(γi)BA and ǫAB(γi)AB = 0, whereas the 10 generators
(γij)AB of the Sp(4) rotations are symmetric, (γij)AB = (γij)BA.
Then, for the 64 (antisymmetric) generators ΓMN = (Γij ,Γi,5+α,Γ5+α,5+β) from (A.3) one
obtains
Γij =
(
(γij)
B
A δ
b
a 0
0 (γij)
B
A δ
b
a
)
,
Γi,5+α =
(
i(γi)
B
A (σα)
b
a 0
0 −i(γi) BA (σα) ba
)
,
Γ5+α,5+β =
(
iδ BA ǫαβγ(σ
γ) ba 0
0 iδ BA ǫαβγ(σ
γ) ba
)
. (A.6)
A particular and crucial feature of the action (A.1) is that the charge conjugation matrix C8
can be chosen to be symmetric,
C8 =
(
ǫabǫAB 0
0 −ǫabǫAB
)
, C−18 ΓMC8 = −ΓTM .
After having specified the representation of the matrices ΓM let us now determine the action
(A.1) and the transformation rules (A.2) of the N = 2, D = 8 SYM with the SO(8) rotation
invariance reduced to Sp(4)⊗ Sp(2). To begin with, we write the Weyl spinors λ and λ¯ as
λ = −Γ9λ =
(
λAa
0
)
, λ¯ = λ¯Γ9 = (0, λ¯
Aa), (A.7)
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which, just as in the Minkowski space, are related by hermitean conjugation, λ¯ = λ†E8, with
E8 =
(
0 ǫabǫAB
ǫabǫAB 0
)
, E8ΓME
−1
8 = Γ
†
M ,
where we have renamed λ†Aa = λ¯Aa.
Then, substituting into (A.1) for ΓM the matrices (A.3) and splitting the gauge field into
AM = (Gi, Vα), one ends up with the following Sp(4)⊗Sp(2)–invariant action with an underlying
N = 2 supersymmetry,
S
(N=2)∣∣Sp(4)⊗Sp(2)⊂SO(8) =
∫
d4z d4z¯ tr
{
1
4F
ijFij +
1
2F
iαFiα +
1
4F
αβFαβ
+ 2λ¯Aa(γi) BA DiλBa − 2Diφ¯Diφ
+ 2iλ¯Aa(σα) ba DαλAb − 2Dαφ¯Dαφ
− 2φ{λAa, λAa} − 2φ¯{λ¯Aa, λ¯Aa} − 2[φ¯, φ]2
}
. (A.8)
For the sake of simplicity, the various field strength tensors and covariant derivatives are de-
noted by Fij = ∂[iGj] + [Gi, Gj ], Fiα = ∂iVα − ∂αGi + [Gi, Vα], Fαβ = ∂[αVβ] + [Vα, Vβ ] and
Di = ∂i + [Gi, · ], Dα = ∂α + [Vα, · ], respectively.
Denoting the 16 (real) supercharges with Q¯Aa and Q
Aa, and decomposing the supersymmetry
transformations according to δ = ζ¯AaQ¯Aa − ζAaQAa, from (A.2) one obtains
QAaGi = (γi)
A
Bλ¯
Ba,
QAaVα = −i(σα)a bλ¯Ab,
QAaφ = 0,
QAaλBb =
1
4 (γij)
A
Bδ
a
bF
ij − 12 i(γi)AB(σα)a bF iα + 14 iδABǫαβγ(σγ)a bFαβ + δABδab[φ, φ¯],
QAaφ¯ = λAa,
QAaλ¯Bb = (γi)
ABǫabDiφ− iǫAB(σα)abDαφ, (A.9)
and
Q¯AaGi = (γi)
B
A λBa,
Q¯AaVα = i(σα)
b
a λAb,
Q¯Aaφ¯ = 0,
Q¯Aaλ¯
Bb = 14 (γij)
B
A δ
b
a F
ij − 12 i(γi) BA (σα) ba F iα + 14 iδ BA ǫαβγ(σγ) ba Fαβ − δ BA δ ba [φ¯, φ],
Q¯Aaφ = −λ¯Aa,
Q¯AaλBb = −(γi)ABǫabDiφ¯− iǫAB(σα)abDαφ¯. (A.10)
In order to infer from (A.8)–(A.10) the structure of the cohomological NT = 3, D = 8
SYM according to the decomposition (9) we have to replace (Gi, Vα) and λAa through AAa
and (χi, ηα), respectively, in an appropriate manner. To this end, we view λAa and λ¯Aa in the
Euclidean space as two independent 8–component spinors, so that they are no longer related by
hermitean conjugation. Hence, hermiticity is abandoned — which is not a problem here since
hermiticity is primarily necessary for the unitarity of the theory, and unitarity only makes sense
for theories in Minkowski space.
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Next, we express Fij , Fiα and Fαβ in terms of the field strength tensor FABab according to
Fij =
1
4(γij)ABǫabF
ABab,
Fiα =
1
4(γi)AB(iσα)abF
ABab,
Fαβ =
1
4ǫABǫαβγ(iσ
γ)abF
ABab, (A.11)
so that, by making use of the completeness relations
(iσα)ab(iσ
α)cd = Ωabcd, (γi)AB(γ
i)CD = ΩABCD, (A.12)
where Ωabcd and ΩABCD have been introduced in (4) and (6), respectively, we can split FABab
into
FABab =
1
4(γij)ABǫabF
ij + 14(γi)AB(iσα)ab(F
iα − Fαi) + 14ǫABǫαβγ(iσγ)abFαβ, (A.13)
which corresponds to the Sp(4) ⊗ Sp(2) decomposition 28 = (1,3) ⊕ (5,3) ⊕ (10,1) of the
adjoint representation of SO(8). Notice that the relative factors in (A.11) and (A.13) are the
same. The relationships (A.11) and (A.13) immediately suggests how one has to carry out the
above mentioned replacements.
Namely, from (A.8) we deduce that the cohomological action, with an underlying NT = 3
equivariant shift symmetry, should be of the form
S
(NT=3)∣∣Sp(4)⊗Sp(2)⊂SO(8) =
∫
d4z d4z¯ tr
{
1
4F
ABabFABab + 2D
Aaφ¯DAaφ− 2[φ¯, φ]2
+ 2λ¯Aa(γi) BA DBaχi + 2iλ¯
Aa(σα) ba DAbηα
− 2φ{χi, χi} − 2φ{ηα, ηα} − 2φ¯{λ¯Aa, λ¯Aa}
}
. (A.14)
Moreover, splitting QAa into (Qi, Qα) from (A.9) and (A.10) we deduce that the supersym-
metry transformations generated by Qi, Qα and Q¯Aa should be taken as
QαAAa = i(σα)
b
a λ¯Ab,
Qαλ¯Aa = i(σα)
b
a DAbφ,
Qαφ = 0,
Qαφ¯ = ηα,
Qαηβ = −14 iǫαβγ(σγ)abǫABFABab + δαβ [φ, φ¯],
Qαχi =
1
4 i(σα)
ab(γi)ABF
AB
ab, (A.15)
QiAAa = −(γi) BA λ¯Ba,
Qiλ¯Aa = (γi)
B
A DBaφ,
Qiφ = 0,
Qiφ¯ = χi,
Qiχj = −14(γij)ABǫabFABab + δij [φ, φ¯],
Qiηα = −14 i(γi)AB(σα)abFABab, (A.16)
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and
Q¯AaABb = iǫAB(σα)abη
α + (γi)ABǫabχi,
Q¯Aaλ¯Bb = FABab +
1
4 (γi)AB(σα)ab(γ
i)CD(σ
α)cdF
CDcd − ǫABǫab[φ¯, φ],
Q¯Aaφ = −λ¯Aa,
Q¯Aaφ¯ = 0,
Q¯Aaηα = −i(σα) ba DAbφ¯,
Q¯Aaχi = −(γi) BA DBaφ¯, (A.17)
respectively. After a straightforward, but tedious calculation one proves that, in fact, the above
transformations leave the action (A.14) invariant.
Finally, we rename λ¯Aa = ψAa and introduce the fields χAB and ηab via χAB = (γi)ABχ
i and
ηab = i(σα)abη
α, respectively. Similarly, instead of Qi and Qα, we introduce the supercharges
QAB and Qab via QAB = (γi)ABQ
i and Qab = i(σα)abQ
α, respectively.
In this manner, by virtue of (A.12), from (A.14) and (A.15)–(A.17) we arrive exactly at the
action (10) together with the supersymmetry transformations (11)–(13).
Acknowledgement We are grateful to M. Blau for an interesting and useful discussion.
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